Question # 01:

Rectangular co-ordinates of a point are (3,3, —3\@ )

a. Convert Rectangular co-ordinates to Spherical co-ordinates

b. Convert Rectangular co-ordinates to Cylindrical co-ordinates.

c. Verify your answer by converting back Rectangular co-ordinates from any one of
these, that is, either from Spherical co-ordinates or Cylindrical co-ordinates.

Solution:

Rectangular co-ordinates (x, y, z) to Spherical co-ordinates (p,8,¢)

p=AX +y 47 =45

tan =2 =T 90
% 4

W

Z

cosp=————=¢=Cos"' [iﬁJ =Cos™ [iJ
B+t 45 J5

Z . .3
(\/%,E,Cm‘ (f)J

Rectangular co-ordinates (x, y, z) to Cylindrical co-ordinates (r, 8, z)

r=yx2+y* =418



x=pSing Cos @ = JE@L

52
y=p SingSin6 \/Eii%_
z=pCosp=1/45. f L33
(3.3,-3V3)

Cylindrical co-ordinates (r,#,z) to Rectangular co-ordinates (x, y,z)

x=rcos@=18.Cos F= 8. =9 =3
4 2,

1
y=rsin@=+18. — =
' V2

z=2=-33



Rectangular Spherical Cylindrical
Co-ordinates Co-ordinates Co-ordinates
= = I
3338) | (oD E| | (VL)
J5 74

Question # 02:

Describe the set of all points in xyz-coordinate system at which fis continuous.
f(x,y,2)=+10-x ylnz

Solution:

f(x,y,2)=~10—-x ylnz

D={(x,y,2):x<10,z >0}

Question # 03:

By considering different path approach, find whether

2
X

lim > .
(£,3)=(0.0)3x" + 2y .
exist or not.

(Note: In order to get full marks, do all necessary steps)



Solution:

2
X

lim > >
(x,3)=>(0,0) 3 x° 4+ 2y

puty = mx

= lim - —
(x,mx)— (0,0) 3x‘ + 2m Hx

= lim ;
(x,mx)— (0,0) x2(3 + 2m _)

2
X

lim : :
(x.3)=(0.0) 3x% 4+ 2y
puty = x

_ x’ 1
= lim == =

x—=0 Sx 5

Since along different paths we have different limits, hence the limit does not exist.

Question # 01 Marks =
10




Use chain rule to find o and o if w=x>+y>+z" where
or ¢
x=rcos@sing
y=rcosfcos¢

z=rsind

Solution:

To finda—w, using chain rule, we have

Do _owds owdy owie
or odxdr dyor 9z or

Substituting the values, we get

?)—W = (2x)(cos @sin @) + (2y)(cos Bcos @) + (2z)(sin &)
"

Putting the values of x, y and z, it yields

ow : 2 2 ;
— =2rcos’ @sin’ ¢+ 2rcos’ Bcos’ @+ 2rsin” @
”

= Zr[cos2 O(sin” ¢+ cos” @) +sin’ 6’]
=2r(cos® 6 +sin> )
=2r

Similarly, for%, using chain rule, we get

9w _Odwdx dwdy dwdz
3¢ oxdp dydp 0z ¢



Substituting the values, it becomes

g—z =(2x)(rcos@cos@)—(2y)(rcos@sin@)+(2z)(0)

Putting the values of x and vy, it yields

aw

@ =2r” cos” @singcosd—2r’ cos” Bcos@sin @

=0
Question # 02 Marks =
10

Find the equation of tangent plane to the surface z =In+/x” + y* at the point P(-1,0,0) .

Solution:

The given surface is z =In+/x* + y*> which can be written as

fy,2)=Inyx*+y* —z=0————- (1)

Taking partial derivatives of eq.(1) with respect to x, y and z, we get



At P(-1,0,0), It becomes

f.(-10,0)=-1
£,(=1,0,0)=0
f; (—1,0,0) = _1

The general form of equation of tangent plane is

S (X5 Yo 20)(x = X0 ) + 1 (Xg5 Yas 2o Y — Yo ) + [, (X5 Y0, 20 )(2—2,) =0

which becomes

—(x+1)+0(y-0)-1(z-0)=0
x+z+1=0

which is the required equation of tangent plane.

Question # 03 Marks = 05

Find the critical points of the function given as



floy)=x"=3xy-y’

Solution:

The given functionis f(x,y)=x’ —3xy—y’

Taking partial derivatives of the given function with respect to x and y, we get

f.=3x" -3y
¥ =—3x—3y2

For the critical points, put f, = f, =0 which yields
X -y=0=xt=y ==—=(1)

—x-y' =0=>x=-y ———— (2)

Substituting eq. (2) in eq. (1), we get
yi-y=0=y(y'-1)=0=y=0,y=1

Substituting these values of y in eq. (2), we get

x=0, x=-1.

Thus, the required critical points are (0,0) and (—1,1)



(Note: In order to get full marks, do all necessary steps)

Question No: 1

If £(x,y)=x"+2y"—x"y , find the local extrema and saddle points of f.

Solution:

fly)=x"+2y* =x'y
fo=2x—-2xy

Is= 4y—x*

For critical points

[,=0=2x-2xy =22x(1-y)=0=x=00ry=1

Using x=0 in (1) we have y=0
(0,0) is critical point.

Using y=1in (1) we have
Fr=d=s g=42

(2,1) and (-2,1) are critical points.

Now we check on these three critical points for extremum.

= 2=2y
Fg =
f_n, =-2x

D=f. .f,~Lf, ] =@2-2y)4)~[-2x]

For 0,0)D=f_.f, —[f”]2 =2(4)-0=8>0
f.=2>0

So fis minimum at (0,0).

For 2,1)D=f,.f,, —[f”]2 =(0)(4)—[-4] =-16<0
So (2,1) is a saddle point.

For (:2,1)D=f.f, —[fl._v]2 =(0)(4)-[4]=-16<0
So (-2,1) is a saddle point.



Question No: 2

a Vﬂz—xl
Evaluate L} .[0 (x+ y)dydx :a>0
Solution:

J: IO : (x+ y)dydx

2
2.[0 (xy +y7) h* ™ dx

2 2
= I;(x\/az i ;x ) dx

.

-2

~DxN G et B %I(az—xz)dx
0

—+1
1 (@®-x°)? L. e B i
= 3 %H ID + '5 (a x—?) |0
3 3
2 2\3 2 M2 3
3 3 3 3 273
2 2

Question No: 3

Ty
Evaluate | IO Sm;dydx



Solution:

Viz ox® y
; L sm;dydx

Y
— (cos=)
=J‘j:_ﬁ— 3 I" dx

L]
X

_I@ d
=1 (x—xcosx) dx

Vaz 7 Vaz J
=) xx-LE (xcos x)dx
2 Vax

X

:7lg - [xsianJ\/f—r_’T - I sinx dx]

2T X
= —- 5 - [xsmxl“rz—’I

2

27”— % - W27 sinv 27 \/_ sm\/7 +Cosv 27T cos\/_
27 SInN27 + \/E sin\/i_r -cosv2x +cos\/E

(- cosx)l“% ]

(Note: In order to get full marks, do all necessary steps)

Question No: 1
=10

Evaluate the following integral by converting it to polar coordinates.

Marks



1
e

R

where R is the sector in the first quadrant bounded by y=0 and y=xand x* +y* =4.

Solution:

Given integral is

1
e Ly

For conversion to polar coordinates, we have

2 2 2 1 1
X+y =r = T L 3
Ll d-v- 14

f B=m/4

r ranges from 0 to 2
/4
B ranges from 0 to n

dA = rdrd@

Thus, the integral in polar coordinates becomes

%2

J

00

: —rdrd@
14+r°

Multiplying and dividing by 2



which is the required answer.

Question No: 2
=10

Find the arc length of the curve

F(f)=(cos’)f +(sin* 1) j+2k  0<z< %

Solution:

The given position vector is

F(r) = (cos® 1) +(sin’ 1) ] + 2k where 0<r s%

[In(1+r? )] de [By the rule of integrationj%dx =In f(x)]
X

Marks



In parametric form,
3 = 03
xX=cos'f, y=sin't, z=2

= ﬂ=—3c0:;2tsim‘, Q=3sin2tcost, g=0
dt dt dt

The arc length of the curve is

g GEGECE
o y\dt dt dt
7

= I J9cos* rsin® 7 +9sin* rcos® £ +0 d
0

z%

= j \/9 cos” sin® t(cos® +sin’ 1) dt
0
7

=3 j costsintdt
0

B {3 sin’ t}%
2 0
= 2[sin2 gk sin” O}
2 2

which is the required answer.

(Note: In order to get full marks, do all necessary steps)

Question # 1:

Evaluate the line integral

j(ydx —x"dy), where C is the curve x=t, y:%),‘2 where 0 <t <2,

C

Solution:



2
=Iydx—x2dy
0
1
= j[—t2 —t* t]dt
S 2
12 2
=—It2dt—jt3dt
2
0 0
:l £|2 _i|2
2307 4N
_4 g
3
__8
3
Question # 2:

Use Green’s theorem to evaluate the integra](j)((x2 — v)dx + xdy), where C is the circle

x>+ y* =4 and c is oriented counterclockwise.

Solution:



(x> = y)dx + xdy)

Using Green's Theorem.

<_[>de+Qdy = —<ﬁ> (a—P—a—Q)d dy
dy

§£: 90

2 " ox

y
—@(—1 —1)dA

=2<ﬂ> dA
R

27 2

= 2] jrdmfe

00

=1

=4Td9
0

=8

Question # 3:

If A=(x'=y*2%)i+(x*+y?)j—x'y'z’k, determine curl of A at the point (1,4,-3).

Solution:

CurlA=-3xy"7" i+(3x°y’7 =2y°z) j + 2x+2yz*) k
CurlA =1296i -5088 j + 74k at (1,4,-3)

Question No: 1
=15

Determine a half range cosine series to represent the function given by

Marks



f(H=2t+3 0<r<2
f@)y=f@+4)

Solution:

To obtain a cosine series, i.e., a series with no sine term involved, we need an even
function. Therefore, we assume the wave form to be symmetric about y-axis.

Now, to find the expressions for the Fourier coefficient, we have

a, :% j f(t)dt where T=4 is period of the given function.
0

0

={@7 +32}-{0? +30)}
=4+6+0
=10

a!] =

N

Ti2
j S (t)cosnardt
0

IS

4/
J' (21 +3) cos naxdt
0

Integrating by parts, we get



2 7 .
sSin nax
_jz

nw

sin nat

a, :’(2t+3) dt

nw |, j

sinna)t|2_i|(—cosna)t)|2
no |, no| new |

:‘(25+3)

o T + ,2 —[cos nw2—1]
naw n-a-

27
Since, w=—=
T

N

Therefore,

Tsinng 2
= +——[cosnz—1]
nw n-ar

sinnz =0,

]

(n is even)

1
COS NI =
{ -1 (n is odd)

So,
0 (n is even)

an = _4

10)2

(n isodd)
Thus,

f(t):%+ Eancosnmr

n=l|

=5- 42

1 1
cos @wf +—cos 3wt +—...
@ { 4 25 }

which is the required fourier series.

Question No: 2 Marks
=15




Verify Stokes’ theorem for a hemisphere S defined as x* +y* +z° =9 (z2>0) where a

vector field F =z +2x) — yl? exists over the surface and around its boundary c.

Solution:

Stokes’ theorem states that

qurlF.ds = 4) F.dr
% g

(a)
@F_dr = gb(zzf +2] — yk).(idx + jdy + kdz)

= dx+2xdy - ydz

For converting it to polar coordinates,

x=rcosf, y=rsing = i

where r=3 is the radius of the sphere.
x=3cosf, y=3siné, z=0
dx=-3s8in8d8, dy=3cos8df, dz=0
0<6<2rx

Thus, the above integral becomes,



j:’r 2(3¢os 6)(3cos BdB)

=18_"0052 adeo

0
=18_J' ]+cgs26’ )
0

=9{Td9+2j?cos 29(?9}
0 0

2z

=9[9]3;r +9[sm 26’}

=

0

=927 -0) +%(sin 47 —sin0)

<f> F.dr=187 Eq.(A)

(b)
i
0 d d
curlF == 8 ==
ox dy 0z
2 2x -y
=—+27+ 2k

ICLH'[F ds= j curlF nds

5 5

where

Vs _ 2xf+2y}'+2212
‘VS| \/41'2 +4y* +47°

in=

_xf+y}+zl€
3

So,

Xi+yj+zk

[curtF ds = [ (< +22] +2k).( )ds

¥

1
:EJ(—x+2yz+22)ds



For converting it to spherical coordinates, we have

x =3sin@cos
y=3sin¢@sin@
z=3cos¢

ds =9sin ¢pdpd 6

So, the above integral becomes,

jcurl’F Ads

5

:%J.{—3 sincos @+ 2(3sin @sin 8)(3cos @) + 6 cos @19 sin @d pd &

8

= 3]{—3s;in2 ¢cos@+18sin” @sin B cos @+ 6.cos @sin @}dpd O

2 2rmi2 2rmi2
=3[ [ -3sin’ pcosOdgd6+3 j135in2¢sin9cos¢d¢d9+3j [ 6cosgsin gdgde
0 0 0 0 0

c'—.:\: e

=1, + Lystdzaligeil)

2xxi2
1,==9] | sin’ pcos 6dgde
0 0

2rxi2

:—QI I wcosﬁdgﬁd@

: mi2
ﬂ—w} cos@d@
4 0

[l|:2
:—9][2—5“”1 $0d0
o L4 4
:_9—chosﬂd9
4 0
—9ﬂ: . 2z
:T[SIHB]U
O
=——(0
2 (0)

I,=0 Eq.(2)



')

xl2
J. sin” @sin @ cos ¢pd ¢d &
0

i
=9 f{sm (q sin 8d 6

_54° [sin-‘ 2 in 0} sin 648
3 2

0

:ISTsingdB

=—18][cos 6’]:r
— —18[cos 2fz'—c050]
=—18(1-1)=0 Eq.(3)

2r xl2

8 =18j j cos @sin @pdpd b
0 0

o . 2 /2
=18 L L
0 2 0
=9[ a-0x6
0
=9[6],
=187 Eq.(4)
Substituting the values of eqgs.(2), (3), (4) in eq. (1), we get

_[curIF ds =187 Eq.(B)

§

Hence, from the equality of Eq. (A) and (B), Stokes’ theorem is verified.



